An algebraic method is used to work out the mass spectra and symmetry breaking patterns of general vacuum states in N = 2 supersymmetric SU (n) Chern-Simons-Higgs systems with the matter fields being in the adjoint representation. The approach provides with us a natural basis for fields, which will be useful for further studies in the self-dual solutions and quantum corrections. As the vacuum states satisfy the SU (2) algebra, it is not surprising to find that their spectra are closely related to that of angular momentum addition in quantum mechanics. The analysis can be easily generalized to other classical Lie groups.
Simons coefficient must be integer multiple of 1 4π for the theories to be quantum-mechanically consistent. Therefore, it is interesting to see whether the quantization condition is spoiled by quantum effects. In the symmetric phase, the condition is preserved in one and two loop order [18, 19] . In the Higgs phase, the situation is complicated by choices of gauge group and representation of the Higgs fields. When the Higgs fields are in fundamental SU(n) or SO(n), the quantization condition is shown to hold for all n by carefully subtracting out the contribution of the would be Chern-Simons term [20, 21] . When the Higgs fields are in the adjoint representation, only partial calculations have been done and the results are perplexing [22] . Supersymmetry also imposes interesting properties on quantum corrections of the Chern-Simons coefficient. For N = 2, 3 Yang-Mills Chern-Simons theories, the oneloop quantum corrections vanishes because of the cancellation between the bosonic and fermionic contributions [23] . As for N = 2, 3 Chern-Simons-Higgs theories, the corrections are identical in the symmetric and Higgs phases, reflecting that supersymmetry is preserved [24] .
In this paper, we use an algebraic method to work out the mass spectra and symmetry breaking patterns of general vacuum states in N = 2 supersymmetric SU(n) Chern-SimonsHiggs systems with the matter fields being in the adjoint representation. Supersymmetry is helpful in clarifying some misinterpretation of the mass spectra. Although part of the results have been reported [10] , our approach is more powerful and provides with us a natural basis for fields, which will also be useful for further studies in the self-dual solutions and quantum corrections. As the vacuum states satisfy the SU(2) algebra, it is not surprising to find that their spectra are closely related to the pattern of angular momentum addition in quantum mechanics.
With the Higgs fields in the adjoint representation, the N = 2 supersymmetric nonAbelian Chern-Simons Higgs theories are given by [25] :
where
We choose γ 0 = σ 2 , 
Physical states obey the constraint of Gauss's law:
which is obtained from the variation of A 0 and generates the local gauge transformation. There exists in the system an additional global U(1) symmetry whose charge is
Furthermore, it is also invariant up to a total derivative under the following N = 2 supersymmetric transformation:
The corresponding supercharge is given by
It satisfies an N = 2 superalgebra with a central charge:
(1 ± γ 0 ) to the superalgebra in Eq. (5) and take trace. We then
after making use of Gauss's law. Here,
The expectation value of the energy has a Bogomol'nyi bound:
It is saturated when the following self-dual equations are satisfied.
The vacuum satisfy
Define Φ 0 = vϕ, and we have [ϕ, [ϕ † , ϕ]] − ϕ = 0. This is nothing but the algebra of SU (2) with ϕ = 1 √ 2 J + , and [ϕ, ϕ † ] = J z . As a result, the vacuum are classified by how the SU(2) is embedded into a general Lie algebra [10] . It is well-known for SU(2) that in each given dimension there is only one inequivalent irreducible representation from which one can construct arbitrary finite dimensional representations. Therefore, when the gauge group is SU(n), the number of inequivalent vacua is equal to p(n), the number of integer partitions of n. More explicitly, it can be arranged that n = Since it is also an irreducible representation of SU(2) and forms a building block for representations in higher dimensions, let us concentrate on this case first. To quadratic term, the gauge part of the Lagrangian is given by
To work out the spectrum, let us consider a "state"α satisfying the following equation
Making use of the Jacobi identity, one can show that the operator,
. Therefore, we can chooseα to be an simultaneous "eigenstate" of them, i.e.
The two "eigenvalues" (λ, m) can be used to characterizeα. m is the "eigenvalue" of J z , which will always be an integer as we will see later. construct from ϕ j a series of descending "eigenstates", [ϕ
From now on, we will use (j, m) to classify the "eigenstates" for convenience. Since their ranges are j = 1, . . . , n − 1, and m = −j, . . . , j, there are n 2 − 1 "eigenstates" in total. It can be shown that states with different "eigenvalues" (j, m) are orthogonal to one another. Hence, we can also use them as a basis of the SU(n) algebra. For consistency, we will choose the normalization tr α
In terms of (j, m), we now have
with λ(j, j) = 0, and
[
Solving the iteration equation for λ(j, m), we see λ(j, m) = 
Furthermore, the effects of ϕ and ϕ † on the stateα(j, m) can be summarized as
From the first equation, we see immediately
Making use of the Jacobi identity, one can further determine the coefficients C − (j, m):
Thus, it is just like the SU(2) algebra.
To find the mass spectrum of the gauge field, all we have to do now is expand A µ in terms ofα(j, m)'s:
, and A µ (j, 0) is real. By making use of the expansion, Eq. (10) becomes
where M = v 2 /κ. From the above results, we see every component of the gauge field acquires a mass term. Therefore, the SU(n) gauge symmetry is completely broken down.
there is a remaining global U(1) symmetry whose generator is given
To find the mass spectra of the Higgs field, we let Φ = φ + vϕ and collect terms quadratic in φ.
Expanding φ in terms of the basisα(j, m), we see
Consequently,
Here,φ
for m = 0, . . . , j − 1. In particular,φ(j, 0) = and φ * (j, −j) carry m and (j + 1) units ofQ-charges, respectively. Now, let us pause to discuss the topology of a maximal embedding vacuum. It is known that the ground state can always be brought into the standard form by a gauge transforma- 
Here, c 1 , c 2 , . . . , and c n−1 are all non-zero. The remaining gauge transformations that leave Φ 0 in the above standard form can be described uniquely by 
with 0 ≤ θ i < 1 for i = 1, . . . , n − 1. Under such gauge transformation
Therefore, U induces in the parameter space (θ 1 , . . . , θ n−1 ) a linear transformation
It is easy to show that the determinant of the above linear transformation is n, and the topology of Φ 0 is thus Z n .
Similarly, we can find the mass spectra of the fermionic part by expanding ψ in thê α(j, m) basis: Likewise, ψ * (j, m + 1) carries m units ofQ-charge.
For convenience, we will refer the above spectrum as the SU(n) one. Unlike the case of fundamental matter coupling, some of the Higgs fields, φ(j, −j), saturate the Bogomol'nyi bound. Indeed, it can be seen clearly from the tables that {A µ (j, j), ψ * (j, −j + 1)} and {ψ(j, −j), φ(j, −j)} form reduced representations of the N = 2 supersymmetry separately.
In the literature, A µ (j + 1, j + 1) and φ(j, −j) for j = 1, 2, . . . , j − 1 are paired up because of ostensible degeneracy [10] . However, since their super-partners ψ(j, −j + 1) and ψ(j, −j)
have opposite helicities, we known this can not be right.
To obtain the mass spectra of a general vacuum, let us proceed by considering the case that it is formed by the direct sum of two maximal embeddings with dimensions n 1 and n 2
It is obvious that in the "diagonal" sector we have two kinds of "eigenstates" 
where j1, m1; j2, m2|j, m; j 1 , j 2 are the well-known Clebash-Gordan coefficients. Likê α(j, m), these states satisfy
Together withβ † (j, m), we see there are 2n 1 n 2 generators in the "off-diagonal" sector.
The last state is given byα 0 =   n 2 2n 1 n
, with I 1 and I 2 the identity operators in the two subspace. It commute with bothα 1 (j 1 , m 1 ) andα 2 (j 2 , m 2 ). Now we are ready to expand A µ :
Note that (A 0 ) µ is real since A µ is hermitian. The mass spectra for (A 1 ) µ and (A 2 ) µ are already known, and we will just give the part for
There is no mass term for (A 0 ) µ sinceα 0 commutes with both ϕ and ϕ † , and the corresponding gauge symmetry is unbroken. For n 1 = n 2 , this is the only unbroken mode and the remaining gauge symmetry is U(1). The spectrum is similar to the maximal embedding case, except for j now ranging from
(n 1 +n 2 )−1. We will call it the SU(n 1 )×SU(n 2 ) spectrum in short. On the other hand, if n 2 = n 1 we have in the "off-diagonal" sector the stateβ(0, 0), which also commutes with both ϕ and ϕ † . As a result, the remaining gauge symmetry becomes SU(2) since the gauge field corresponding toβ(0, 0) is complex. Except for the stateβ(0, 0), the spectrum of the "off-diagonal" sector is completely identical to that of the "diagonal" sector, and we have now four copies of SU(n 1 ) spectrum.
We can expand φ in a similar way:
Again, the mass spectra for φ 1 and φ 2 are known, and we will only give the part for φ 0 and
Here,η
When n 1 = n 2 the η fields have 2n 1 n 2 degrees of freedom. On the other hand, if n 2 = n 1 , there are two (instead of one) more j = 0 states, η 1 (0, 0) and η 2 (0, 0), in addition to the complex neutral mode φ 0 . This reflects the remaining SU(2) gauge symmetry. Therefore, the total degrees of freedom of the η fields become 2n 1 n 2 + 2, so that the total bosonic degrees of freedom remains to be 4n 1 n 2 .
Using similar expansion in ψ
we can find the spectrum:
Again, only the part for ψ 0 , χ 1 , and χ 2 are given. From the above spectra, we see the neutral pair {ψ 0 , φ 0 } and charged pairs {B µ (j, j), χ 1 (j, j)}, {B µ (j, −j), χ 2 (j, j)},
, η 2 (j, j)} also saturate the Bogomol'nyi bound and form reduced representations of the N = 2 supersymmetry. Now, it is quite straightforward to extend the above results to a general vacuum state where n = k i=1 m i n i . In the i-th "diagonal" sector, we have m 2 i copies of SU(n i ) spectrum.
In the "off-diagonal" sector (i, j), we have m i m j copies of SU(n i ) × SU(n j ) spectrum. The symmetry breaking pattern in this case is SU(n) → U(1)
Correspondingly, we will also have Tables 1,   2 , and 3 in Ref. [10] , we check the validity of the above predictions.
In deriving our results, we rely only on the commutation relation. Thus, we should be able to carry out similar analysis to other Lie groups. In particular, the spectra in Table 2 for the "maximal embedding" case of SO(2r) can be obtained by the direct sum of SO(2r − 1) and SO(1), so that they are given by J(J + 1) − M 2 with J = j 1 , j 2 , or j, with M = −J, −J + 1, . . . , J [26] . Here, j 1 = 1, 3, . . . , 2r − 3, j 2 = 0 (which does not correspond to any physical degree of freedom), and j = r − 1. It is can be checked that the total number of basis vectors obtained this way does match with the number of generators of SO(2r). We will discuss the details in an upcoming paper. n-1 (n-1)n (n-1)n-1 (n-1)n-4 (n-1)n-9 (n-1) n-1 (n-1)n (n-1)n-1 (n-1)n-4 (n-1)n-9 (n-1)n-16 . . . 3n-4 n spinor masses m 0 ±1 ±2 ±3 ±4 . . . ±(n-2) j -j j n-1 (n-1)n (n-1)n-1 (n-1)n-4 (n-1)n-9 (n-1)n-16 . . . 3n-4 n-1 n Table. 1 SU (N ) mass spectrum for the maximal symmetry breaking vacuum, in units of
κ . For −j + 1 ≤ m ≤ j − 1 the gauge, spinor, and the scalar mass spectra are degenerate forming regular representations of the N = 2 supersymmetry. On the other hand, {A µ (j, j), ψ * (j, −j + 1)} and {ψ(j, −j), φ(j, −j)} saturate the Bogomol'nyi bound and form reduced representations of the N = 2 supersymmetry separately.
